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, We introduce a hyperbolic Gauss map into the Poincare disk for any surface in 

H 2 x R with regular vertical projection, and prove that if the surface has constant 
mean curvature H = 1/2, this hyperbolic Gauss map is harmonic. Conversely, 
we show that every nowhere conformal harmonic map from an open simply con- 
nected Riemann surface S into the Poincare disk is the hyperbolic Gauss map of 
a two-parameter family of such surfaces. As an application we obtain that any 
^ . holomorphic quadratic differential on S can be realized as the Abresch-Rosenberg 

holomorphic differential of some, and generically infinitely many, complete sur- 
faces with H = 1/2 in M 2 x R. A similar result applies to minimal surfaces in the 
Heisenberg group MI3. Finally, we classify all complete minimal vertical graphs 
in M 2 x R. 



Abstract 



1 Introduction 

It is a classical result that the Hopf differential of a surface of constant mean curvature 
(CMC) in R 3 , and more generally in any 3-dimensional space form, is holomorphic. 
Regarding more general target spaces, Abresch and Rosenberg |AbRol| have recently 
proved that, even though the usual Hopf differential fails to be holomorphic on CMC- 
surfaces in H 2 x R and S 2 x R, a certain perturbed Hopf differential is always holomorphic 
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on any surface of this type. This striking theorem has put the topic into a new light, and 
is inspiring many research works on CMC surfaces in general ambient spaces |AbRo2| 
IB^nCTim^lNetoirNe^ll^lSST^j f see also [XCTllXEHj ). 

On the other hand, a condition stronger than the holomorphicity of the Hopf differ- 
ential holds on any CMC surface in R 3 : the Gauss map of a CMC surface in M 3 is a 
harmonic map into § 2 . Let us recall that if h : X — > (M 2 , (, )) is a harmonic map from 
a Riemann surface E into a Riemannian surface M 2 , then the quantity (h z , h z )dz 2 is 
a holomorphic quadratic differential on E. So any harmonic map into S 2 comes along 
with a holomorphic differential, and in the case of CMC surfaces in R 3 the differential 
induced by its harmonic Gauss map agrees up to a constant with the Hopf differential 
of the surface. 

As a general rule of thought, the appearance of a geometrically defined harmonic map 
in the study of some class of surfaces should not be ignored, because it may allow to 
use techniques from the highly developed theory of integrable systems in the description 
of such surfaces. So, it is natural to analyze if the Abresch-Rosenberg holomorphic 
quadratic differential comes from some harmonic map geometrically defined on any 
CMC surface in I 2 x t and § 2 x R. 

The starting point of the present work is that for the special value H = 1/2 of 
the mean curvature if of a surface in H 2 x R, a geometrically defined harmonic Gauss 
map into the Poincare disk can be constructed. Furthermore the holomorphic quadratic 
differential associated to this harmonic map coincides up to a sign with the Abresch- 
Rosenberg holomorphic differential. 

In the previous works on CMC surfaces in I 2 x M it has become clear that the 
H = 1/2 class is a limit case between two different situations. For instance, an embedded 
CMC surface in H 2 x R can be compact only if H > 1/2 f[H sHs| lNeRo3| ). In this sense, 
the mean curvature one half surfaces in H 2 x R are analogous to the surfaces with H = 1 
in M 3 , usually called Bryant surfaces. These Bryant surfaces have a quite explicit form 
in terms of holomorphic data that is not shared by general CMC surfaces in H 3 , and 
their geometry has been studied in great detail (see for instance |Bry[ IUmYa2t IUmYal| 
IUmYa3| ICHR| |HRR| IHaMij and references therein). Another similarity between mean 
curvature one half surfaces in H 2 x M and Bryant surfaces is described in |Danj in terms 
of a Lawson-type correspondence for CMC surfaces in homogeneous spaces. 

In this line, our results seem to confirm to some extent these analogies, as they 
suggest that the surfaces with if = l/2inHI 2 xR admit a more explicit treatment than 
the CMC surfaces with H ^ 0, 1/2 in H 2 x R. 

Our main purpose in this paper is to use the above harmonic Gauss map in order to 
study the surfaces with mean curvature one half in H 2 x R. Our working scheme here 
goes along the lines of |AbRolj . There, a geometric deep result (the classification of 
CMC spheres in product spaces) is obtained as a consequence of a known theorem from 
an independent theory (non-existence of non-zero holomorphic quadratic differentials 
on the sphere), once an adequate geometrical object (a Hopf type differential) has been 
found. In this work, we will use our construction of a harmonic Gauss map for surfaces 
with H — 1/2 in H 2 x R to translate into solutions to difficult geometric problems several 
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known results from the theory of harmonic maps into the Poincare disk. 

We will also deal in this paper with minimal surfaces in H 2 x R. It is known that 
the horizontal factor N as well as the height function h of a minimal surface ip = (N, h) 
in H 2 x R are harmonic maps into the Poincare disk and the real line, respectively. So, 
this class fits into our discussion. 

The geometry of minimal surfaces in spaces of the form M 2 x R has received a 
big number of contributions in recent years RosJ IMeRo2t IMeRol| [NcRol, !Hau| |XDR ( 
SaTol ISliEl IMMPj . The most studied situation is when M 2 has non-negative curvature, 
since in that case many clean classification theorems can be obtained. However, when 
the curvature of M 2 is negative, the situation changes radically. For instance, while 
complete minimal vertical graphs in M 2 x R are totally geodesic if M has non-negative 
curvature |Ros| IAJjR"j . there are many complete minimal vertical graphs in H 2 x R, as 
shown in [JNeRolj . Our main result regarding minimal surfaces is the description of the 
space of all complete minimal vertical graphs in H 2 x R. Again, we will use for that 
known results from the theory of harmonic maps into the Poincare disk. 

Let us describe briefly our main results. Let ip = (N, h) : £ — > H 2 x R c L 4 be a 
conformal immersion from a Riemann surface £ into M 2 x R. Assume that N : E — > M 2 
is regular everywhere, and let rj = (N, u) be the unit normal to ip. Then « ^ at 
every point, and we can thus consider the map £ := (rj + N)/u, taking values in the 
intersection of the light cone N 3 C L 4 with the horizontal affine hyperplane X3 = 1 of L . 
Thus there is some G : X — > M 2 such that £ = (G, 1). We call G the hyperbolic Gauss 
map of ip, because of its similarity with the usual hyperbolic Gauss map for surfaces in 
H 3 . 

With the above construction, we prove in Section 3 that G is a harmonic map 
on every mean curvature one half surface in H 2 x R with regular vertical projection. 
Moreover, we shall show that in this case (G z , G z )dz 2 agrees with the Abresch-Rosenberg 
holomorphic differential up to a sign. 

Also in Section 3 we deal with the inverse problem: is every harmonic map into H 2 
the hyperbolic Gauss map of some mean curvature one half surface in H 2 x R? We shall 
provide an answer to this question in the simply connected case, by characterizing the 
harmonic maps that are realized as hyperbolic Gauss maps. In particular, every nowhere 
conformal harmonic map into H 2 belongs to this class. Furthermore, we will show that 
the class of surfaces with if = 1/2 that share the hyperbolic Gauss map is a continuous 
2-parameter family, and we will determine when two such surfaces are congruent in 
H 2 x R. This property makes a big difference with the case of Bryant surfaces, where 
the space of surfaces with the same hyperbolic Gauss map can be infinite dimensional. 
We shall also provide an explicit formula that recovers from a harmonic map G : £ — > M 2 
all the mean curvature one half surfaces in H 2 x 1 having G as their hyperbolic Gauss 
map. 

In Section 4 we will provide several applications of the previous results. The main 
one deals with the existence of complete examples, and is the following: any holomorphic 
quadratic differential on an open simply connected Riemann surface can be realized as 
the Abresch-Rosenberg differential of some, and generically infinitely many, complete 
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surfaces with H = 1/2 in H 2 x R. Prior to this result, the only known examples of 
complete non-minimal CMC surfaces in H 2 x K were invariant by some 1-parameter 
group of rigid motions of the ambient space |AbRoll IMo(Jn[ INeRo3t ISaE[ ISaToj . In 
connection with this theorem, we shall obtain an existence result for a Plateau problem 
at infinity for complete surfaces with H — 1/2 in H 2 x R. We will also construct explicit 
examples of surfaces with H = 1/2 and a prescribed simple hyperbolic Gauss map, and 
we will show that any surface with H = 1/2 has a parallel-like mean curvature one 
half surface with the same hyperbolic Gauss map. Also in Section 4 we will describe a 
Schwarz reflection principle in our context. In the end of the section, we shall see how 
the extended Lawson correspondence in |Danj lets us construct infinitely many complete 
minimal surfaces in the 3-dimensional Heisenberg group with prescribed holomorphic 
quadratic differential. 

At last, in Section 5 we turn our attention to minimal surfaces in M 2 x R. Given 
a complete minimal vertical graph in H 2 x K with height function h, we can consider 
the canonical 1-form of the graph as the holomorphic part of dh. We will show that 
the map carrying each congruency class of complete minimal vertical graphs to its as- 
sociated canonical 1-form (defined with a ± ambiguity) is a bijection onto the space of 
holomorphic 1-forms on C or D, except for those of the form u = cdz on C for some 
c G C. Our result also classifies all complete orientable minimal surfaces in H 2 x 1 
whose angle function u : S — > [—1, 1] omits some interior value. In the end, we will 
apply some known results from the theory of harmonic maps into the Poincare disk in 
order to describe domains in M 2 over which a complete minimal vertical graph in H 2 x M 
can be built or not. 
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2 Setup 

In this preliminary section we will describe some general facts that will be used in 
the study of both minimal surfaces and surfaces with H = 1/2 in M 2 x R. First, we will 
analyze the structure and compatibility equations of an immersed surface in H 2 x R in 
terms of a conformal parameter for its first fundamental form. Subsequently, we will 
make some comments regarding harmonic maps into the hyperbolic plane M 2 and their 
relation with spacelike CMC surfaces in the Lorentz-Minkowski 3-space L 3 . 
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Integrability of surfaces in i 2 x 1 

We shall realize H 2 x R in the Lorentz-Minkowski 4-space L 4 as 

I 2 xl = {(x , Xi, x 2 , x 3 ) G L 4 : -xl + x\ + x\ = -1, x > 0}. 

Here we view L 4 endowed with the Lorentzian metric (, ) = — dx\ + dx\ + dx\ + dx\, in 
canonical coordinates. 

Let ip : E — > H 2 x R be an immersed surface in H 2 x R, that will be assumed to be 
simply connected. We will use the notation ip = (N, h) : E — > H 2 x R to denote the 
vertical projection N : E — > H 2 and the height function h : E — > R of ■?/>, respectively. 

If /i is constant on an open set WcS, then ip\u is a piece of a totally geodesic slice 
H 2 x {to} C I 2 x K. We shall rule out this trivial situation from now on, and consider 
only surfaces on which h is never locally constant. 

Let i] : S — >• C L 4 denote the unit normal of if} in H 2 x R, where here §^ = 
{(xq, xi, X2, X3) G L 4 : — Xq + x\ + x\ + x 2 = 1} is the de Sitter 3-space. In this way, 
the metric conditions {di/j, rj) = (N, rj) = hold, and the pair {r], N} is an orthonormal 
frame of the (Lorentzian) normal bundle of ip in L 4 . We shall also use the splitting 
notation 77 = (N, u) : S -> L 3 x R. Following ADRJ, we shall call u : E [-1, 1] the 
ang/e function of t/>. 

As E inherits via ip a Riemannian metric, it has an associated Riemann surface 
structure. Thus, there exists a global conformal parameter zonE with respect to which 
the induced metric of ip is written as {dip, dip) = X\dz\ 2 for a positive smooth function 
A on E. Let us also define the Hopf differential of ip as pdz 2 = —{ip z ,r] z )dz 2 , i.e. as 
the (2, 0)-part of its complexified second fundamental form. If H : E —>■ R denotes the 
mean curvature of ip in H 2 x R and A := —uh z , then it holds 



(2.1) 
(2.2) 

-K \ 

2\h z \ 2 )/2 
A 

/ 



rj z = -Hip z - -j-ip- z + AN. 



More generally, if we consider the moving frame 

o = (ip z ,ip z ,r],N) T 
the structure equations for the immersion are 

o z = Uo, o z = Vcr, 

where 



U 



l (lOg X); 


-H 



p 
HX/2 (A 
-2p/X 



V 1 -2\h z \ 2 /\ -2h 2 J\ A 
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-2hj/X 


l-2\h z \ 2 /X A 





V 



By examining the last coordinate in these equations, we deduce the following relations 
between the coefficients: 



(C.l) 


h 


(C.2) 


h zz 


(C.3) 


u z 


(C.4) 


X 



x 



-h z + pu 
XH 



-u 



-Hh z - ^h- z 
l-u 2 



The integrability condition of the system ()2.2|) is given by 

U- z -V z + [U,V] = 0. 



(2.3) 



(2.4) 



Of this matrix identity, the entries (1,1), (1,3), (1,4) and (3,4) provide, respectively, 
the Gauss-Codazzi-Ricci equations: 



Gauss: A (log A) 2 2 

Codazzi: 2p z 

Codazzi (bis): ~(h 2 z ) z + (\h z \ 2 ) z 

Ricci: A z — A z 

All the other entries of ()2.4|) provide relations that are trivial, or that follow from ()2.5|) . 
Hence the equations (J2.5)) are the necessary and sufficient conditions for the integrability 
of Q . 

Many of the equations we have obtained up to now are superfluous. For instance, 
the Ricci equation follows directly from (C.3), and Codazzi (bis) is obtained by putting 
together (C.l) and (C.2). A somewhat lengthier computation also indicates that the 
Gauss equation may be obtained from (C.l), (C.4). At last, (C.l) may be derived 
from (C.2), (C.3) and (C.4) by differentiation of (C.4). It is also important to observe 
that, using (C.2), the Codazzi equation is written as 

Codazzi : Q z = 2pH z + XHH Z , Q := 2Hp + h\. (2.6) 

So, after these simplifications, only the Codazzi equation (|2.6j) and the last three equa- 
tions in (|2.3|) remain as the integrability conditions of the system. More specifically, we 
have proved: 



2(|p| 2 -A 2 (# 2 -l)/4-A|/i2| 2 ). 
X(H Z + A) 

(2.5) 

AHX/2- Ap + X z \h z \ 2 /X 
jlm(ph 2 z ). 



6 



Proposition 1 Let E denote a simply connected Riemann surface. The system (|2.2j) 
admits a solution a : E — > C 4 x C 4 x L 4 x L 4 if and only if the coefficients A, H,u,h : 
E ^R andp : E -> C wen/?/ (C.2), (C.3), (C.4) and (1231) . 

This fact will be used in the proof of Theorem ^2 to show that by choosing an 
adequate initial condition a(z ) = cr , the above equations actually produce a surface in 
H 2 x R. In other words, equations (C.2), (C.3), (C.4) and ()2.6|) are sufficient for the 
integrability of surfaces in H 2 x R. We do not detail this argument here, as a proof of 
this last statement (actually of a more general one) is obtained in [FeMl] and in |Danj . 

Moreover, we have the following consequence of 1)2.60 : 

Corollary 2 (Abresch-Rosenberg) The quadratic differential Qdz 2 is holomorphic 
on any surface with constant mean curvature H in H 2 x R. 

We shall refer to the holomorphic quadratic differential Qdz 2 as the Abresch-Rosenberg 
differential of a constant mean curvature surface in H 2 x R. 

Let us also point out that the holomorphicity of Qdz 2 is not equivalent to the con- 
stancy of the mean curvature, as there surfaces whose Abresch-Rosenberg differential is 
holomorphic and that are not CMC surfaces (see jFeMij ) . 



Harmonic maps into the hyperbolic plane 

Let E be an open simply connected Riemann surface, and let G : E — > H 2 be a 
smooth map. Then G is harmonic if and only if the (2, 0)-part of its complexified first 
fundamental form, i.e. Qodz 2 := {G z ,G z )dz 2 , is a holomorphic quadratic differential. 
We shall call it the Hopf differential of the harmonic map G. 

Let // : E — > [0, +oo) be the smooth function so that 

(dG, dG) = Q dz 2 + /j\dz\ 2 + Q dz 2 (2.7) 
holds for the harmonic map G : E — > M 2 . Then we have the following elementary facts: 

• As (dG, dG) is Riemannian, we get fi 2 — 4\Qq\ 2 > 0, and equality holds exactly at 
the singular points of G. 

• A point z G E is a branch point of G (i.e. dG(z ) = 0) if and only if fJ,(zo) = 
Qo(z ) = 0. 

• Qo{zo) — at some point zq 6 E if and only if G is conformal (holomorphic or 
antiholomorphic) at z . Moreover, any conformal map from E into H 2 is trivially 
a harmonic map with Q = 0. 

Let us now relate the harmonic maps in HI 2 with surfaces in L 3 . For this, let us 
consider / : E — ► L 3 a spacelike surface in L 3 , oriented so that its unit normal G takes 
its values in H 2 , i.e. in the upper sheet of the hyperboloid Ti 2 = {x G L 3 : (x,x) = —1}. 
Let also H : E — > R denote its mean curvature. It is then well known that G is a 
harmonic map into H 2 if and only if / is a CMC surface. 
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Suppose now that H — 1/2, and write (df,df) = r \dz\ 2 for a positive smooth 
function r . As H — 1/2, the Hopf differential of G agrees with the Hopf differential of 
/ in L 3 . Furthermore, {Qo,t } verify the Gauss equation for / in L 3 , that is, 

(logT )^ = 7o/8-2|Qo| 2 Ao- (2.8) 
In addition, the metric of the Gauss map G is given by 

(dG,dG) = Q dz 2 + n\dz\ 2 + Q dz 2 , ^ = ^ + (2.9) 

4 T 

Consider now the map /":=/ — 2G : E — > L 3 , which is a parallel surface of /. It is 
well known, and also straightforward to check, that /" : E — > L 3 has the same conformal 
structure that /, it has G as its Gauss map, it has constant mean curvature if" = —1/2 
and its Hopf differential is Q* = —Qo- 

Let r" be the conformal factor of the metric of /", i.e. (d/", dp) = r^\dz\ 2 . The above 
comments imply that {Qo,t$} verify the Gauss equation (|2.8p . and it also holds that 

TQ MQ |2 r fl MQ 12 

4 r 4 r" 

Hence, r" = 16|<5o| 2 / r o> what shows that the singular points of /" are located at the 
umbilics of /. 

Let us also observe that if we reverse the orientation of /", we get a spacelike surface 
in L 3 with H = 1/2 and whose Gauss map is -G : E -> M 2 ,, being EI?_ = 7i 2 \ H 2 the 
lower sheet of the hyperboloid K 2 C L 3 . 

Motivated by these facts, we formulate the following definition: 

Definition 3 Let G : E — ► H 2 be a harmonic map into H 2 with Hopf differential Qodz 2 . 
We shall say that G admits Weierstrass data if there exists a smooth positive function 
tq : E — ► (0, +oo) so that (12. 9|) holds. In that case, the pair {Qo, To} will be called 
Weierstrass data for G. 

The most obvious examples of harmonic maps admitting Weierstrass data are the 
Gauss maps of spacelike surfaces with H = 1/2 in L 3 . This is just a consequence of the 
previous discussion. It is also immediate to realize that if G : E — >• H 2 is a conformal 
map without branch points, and we denote r := S(G Z ,G 2 ) > 0, then {Q = 0,r } are 
Weierstrass data for G. 

Conversely, we have the main conclusion of this subsection: 

Lemma 4 If{Qo,T } are Weierstrass data for a harmonic map G : E — > HI 2 , then they 
satisfy the Gauss equation (|2.8|) . 

Proof. If G is conformal and regular, we have Qo = 0, and ()2.8|) holds trivially for 

7o:=8<G*,G*>>0. 

Now, assume that G is not conformal. This means that Qo only has isolated zeros 
in E. Let Z C E be the set of zeros of Qo, and take z G E \ Z. Then it is known (see 
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AkNij) that around z, G is the Gauss map of a unique (up to translations) spacelike 
surface / in L 3 with constant mean curvature 1/2. Let r denote the conformal factor of 
the metric of /. Then our previous discussion ensures that {Qo, t} are Weierstrass data 
for G around z, and that we have r = tq or r = 16|Qo| 2 / r o- But at this point it is a 
direct computation to check that an arbitrary positive smooth function 5 on E verifies 
(|2.8|) with respect to Q if and only if 16|<5o| 2 /<5 verifies ()2.8|) . Consequently (|2.8|) holds 
for the original Weierstrass data {Qo,To} at every point z G E \ Z. As Z is discrete, 
we conclude by continuity that {Qo, r } satisfy (|2.8|) globally on E. This concludes the 
proof. 

□ 

Remark 1: The above comments easily imply the following fact: if G : E — > M 2 is a 
harmonic map admitting Weierstrass data {Qo, r }, and if Q vanishes somewhere, then 
t is unique, i.e. the Weierstrass data are unique for G. In contrast, if Q never vanishes, 
then a second set of Weierstrass data, namely, {Qo,t$ := 16|(5o| 2 / r o}) is available for 
G. Moreover, by Lemma El r" still satisfies ()2.8|) . Let us also observe that by (j2.10J) we 
have at every point in E that 

{r , r»} G 2(ji ± vV-4|Q | 2 ). (2.11) 
So, G is singular everywhere if and only if the solutions tq and r" coincide. 

We conclude this section with two elementary lemmas that will be used later on: 

Lemma 5 Let G : E — > H 2 fre a harmonic map that is singular on an open subset o/E. 
TTien G(E) /zes m a geodesic o/H 2 . 

Proof: First of all, observe that by analyticity, G? is singular everywhere in E. As a 
result, we have /z 2 = 4|Q | 2 everywhere. It follows that if Qo vanishes identically, G 
is constant and the result trivially holds. If not, Qo only has isolated zeros. Take Zo 
with Q(zo) 7^ 0. Then, by changing locally the complex parameter z around Zq, we may 
assume that Qodz 2 = (l/4)dz 2 , and so fi = 1/2. Denoting z = s + it, this implies by 
(E3D that (G t ,G t ) = (G s ,G t ) = 0, so G = G(s). But finally, the harmonicity of G 
indicates that G ss is collinear with G. In other words, G parametrizes locally a piece of 
a geodesic in H 2 . By analyticity, G(E) lies in this geodesic and we are done. 

□ 

Lemma 6 Let G, G : E — > H 2 be two harmonic maps for which (12. 7|) holds for the same 
functions fi,Qo- Choose z e E a regular point of G, and assume that G(z ) = G{zq) 
and G z (z ) = G z (z ). Then G = G. 

Proof. By the initial conditions, both G, G are regular surfaces in L 3 around z . More- 
over, their respective orientations agree at Zq. By hypothesis, both surfaces have the 
same first fundamental form. In addition, as both of them lie in H 2 and their orienta- 
tions agree, their second fundamental forms also agree. Finally, as they share the initial 
conditions at z , G and G must coincide around z , and thus globally by analyticity. 

□ 
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These two lemmas prove, in particular, that if G : E — > H 2 is a harmonic map 
admitting Weierstrass data {Qo,t~o}, then any other harmonic map into H 2 having the 
same Weierstrass data {Qo, r } differs from G just by an isometry of H 2 . In other words, 
the Weierstrass data determine the harmonic map uniquely up to rigid motions. 

3 Surfaces of mean curvature one half in M 2 x R 

Our aim in this section is to study the mean curvature one half surfaces in H 2 x R in 
terms of an associated hyperbolic Gauss map. We will first of all describe this hyperbolic 
Gauss map, and then we will analyze how to recover a mean curvature one half surface 
from its hyperbolic Gauss map. 

The hyperbolic Gauss map 

Let if> = (N, h) : E —>■ H 2 x R be an immersed surface whose vertical projection 
N : E — > M 2 is regular, i.e. dN is a linear isomorphism at every point. By (C.4), 
the regularity condition imposed to N is equivalent to the fact that the angle function 
u \ S — > [—1, 1] never vanishes. This provides a canonical orientation for any surface 
of this type. Specifically, we will always assume that if) is oriented so that its angle 
function u is positive. 

So, for any surface in H 2 x R with regular vertical projection we can define the map 

f = -On + N) : E -> N 3 := {x e L 4 : (x, x) = 0, x > 0}. 
u 

Let us remark here that £ > because iV > and (£, N) — — 1/u < 0. 

If we observe that the last coordinate of £ is constantly 1, the fact that £ lies in N 3 
implies the existence of a map G : E — > H 2 C L 3 such that £ = (G, 1) : E — > L 3 x R = L 4 . 




Figure 1: The normal vector £. 



Definition 7 T/ie map G : E — >• H 2 will be called the hyperbolic Gauss map of the 
surface with regular vertical projection if) : E — > H 2 x R. 
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The terminology of this definition has been motivated by its similarity with the construc- 
tion of the classical hyperbolic Gauss map for surfaces in H 3 |Kps[ |Bry| . Specifically, 
let / : £ — > M 3 be a surface with unit normal v : £ — > §f. Then the map M :— f + 1/ 
is a normal vector field taking its values in the positive light cone N 3 . Moreover, if 
J\f = (Ao, . . . , A/3), the map Q := (A/i/Wo, A^/Aq, A3/A0) can be viewed as a map from 
£ into § 2 , and satisfies that N /Mq = This map £ is the hyperbolic Gauss map 

of/- 

We also would like to remark that G can indeed be called a Gauss map because of the 
following property: two surfaces in H 2 x R with regular vertical projection meeting at a 
point p 6l 2 xl have the same hyperbolic Gauss map G{p) if and only they are tangent at 
p. Indeed, two surfaces meeting at p = (N, h) have the same hyperbolic Gauss map G{p) 
if and only if their respective null normal vectors verify £(p) = (G(p), 1) = if 
and only if their respective normal bundles in L 4 at p are both spanned by {N, (G(p), 1)}, 
if and only if they have the same tangent plane at p. We are grateful to the referee for 
this interesting observation. 

The following theorem, whose proof follows easily from our previous discussion, is 
the key tool for the main results of this work regarding surfaces with H = 1/2 in H 2 x R. 

Theorem 8 The hyperbolic Gauss map of a mean curvature one half surface in H 2 x R 
with regular vertical projection is harmonic. 

Proof. A direct computation from the structure equations and (C.4) shows that for 
every surface ip = (N, h) in H 2 x R it holds 

((T] + N) z , (77 + N) z ) = (p+ h 2 z )(2H - 1 - u 2 ). 

So, if ip has constant mean curvature H = 1/2 and Q is its Abresch- Rosenberg differen- 
tial, we see that 

(6, £*> = ^({V + N) z , (V + N) z ) = -Q. (3.1) 
As Q is holomorphic, (£ zz -, £ z ) = 0, i.e. (G zz , G z ) = 0. So, G is harmonic on H 2 . 

□ 

Remark 2: Let tp : S — > H 2 x R be a surface with mean curvature if = 1/2 with respect 
to some selected orientation on S. Assume that ip has regular vertical projection. Then 
H = ±1/2 holds with respect to the canonical orientation on £ given by u > 0. However, 
if H = —1/2 holds, its vertical symmetry is a surface in H 2 x R with regular vertical 
projection for which H = 1/2 holds for its canonical orientation. Thereby, we do not 
lose generality by restricting ourselves to the H = 1/2 case. 

It is immediate to observe from the above proof that if ip : £ — > H 2 x R is a surface 
with H = 1/2 and hyperbolic Gauss map G, then the Abresch- Rosenberg differential Q 
of ijj and the Hopf differential Qo of G are related by Q = —Qo- Moreover, we have 
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Theorem 9 Let G : E — > H 2 6e t/ie hyperbolic Gauss map of a mean curvature one half 
surface ip : E — > H 2 x K. wit/j regular vertical projection. Let Q, X,u denote, respectively, 
the Abresch- Rosenberg differential, the conformal factor of the metric, and the angle 
function ofip. Then {—Q,Xu 2 } are Weierstrass data for G. 

In particular, the hyperbolic Gauss map of a surface with H = 1/2 always admits 
Weierstrass data. 

Proof. By the structure equations and (|2.9|) we have 

2 Xv 2 4\Q\ 2 

fi = 2{G Z , G,) = 4<fa + N) z , (rj + N),) = ^- + 

u 4 Aw z 

So, Definition El and the relation Q = —Qo finish the proof. 

□ 

Let us also remark that by Theorem El the hyperbolic Gauss map of a mean curvature 
one half surface with regular vertical projection cannot be constant. 

Remark 3: A mean curvature one half surface in H 2 x K can have points with non-regular 
vertical projection, as evidenced by some helicoidal examples in |SaToj . But except for 
one particular example, these singular points have empty interior on a general mean 
curvature one half surface. Indeed, if u = holds on an open piece of a surface with 
H = 1/2, a simple look at the integrability conditions shows that Q vanishes, the height 
function h is harmonic and the metric is flat. Thus we get a piece of a right cylinder 
over a horocycle in H 2 (see jAbRolllSaEp . 

Remark 4'- The harmonicity of this hyperbolic Gauss map has close ties with the theory 
of Bryant surfaces in the hyperbolic 3-space H 3 . Let / : E —>■ H 3 be a Bryant surface 
in H 3 with unit normal v : E — > §f, and define again A/" = / + z/:E^N 3 . Then the 
(2, 0)-part of the second fundamental form of / in the direction of M agrees with the 
Hopf differential of the surface, —{f Z) M z ) = Q, and thus is holomorphic. In addition, 
the hyperbolic Gauss map Q = M /Hq turns out to be conformal Bry|. 

In our situation of mean curvature one half surfaces in H 2 x K., the key observation 
is that the null normal vector field rj + N also has the property that —(ip z , (v + N) z ) is 
holomorphic (it is the Abresch- Rosenberg differential). The final step is suggested by 
the case of Bryant surfaces, and is to note that if we divide rj + N by its last coordinate 
(rather than by its first one), the map we obtain has its values in H 2 and is harmonic. 

Surfaces with prescribed hyperbolic Gauss map 

We have seen that any surface with H = 1/2 and regular vertical projection in H 2 xK 
has an associated harmonic Gauss map. Next we shall deal with the inverse problem: 
can a harmonic map G : E — > H 2 from a simply connected open Riemann surface into 
H 2 always be realized as the hyperbolic Gauss map of a mean curvature one half surface 
in H 2 x R? 

The following lemma is a key ingredient in order to provide an answer to the above 
question. 
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Lemma 10 Let {—Q, 2r} be Weierstrass data of a harmonic map from an open simply 
connected Riemann surface S into HI 2 . Let z G X be an arbitrary point in X. Then for 
any i? £ C i/ie second order differential system 



h. 



h. 



(logr) 2 /i z + Q 
1 



r + 2|/U 2 



r 



(3.2) 



TIT 



2|^| 2 ), 



/ias a globally defined solution h : X — > R ; unique up to additive constants, satisfying the 
initial condition h z (zo) = i9o- 

Proof: Consider firstly the first order differential system 

d z = (logr)^ + Q 



r + 2| 



r 



(3.3) 



From ()2.8)1 and = 0, a straightforward computation indicates by means of (J3.2)) that 
the following condition is satisfied: 



d n s o ^ /r + 2|^ 12 



So, as X is simply connected, by the Frobenius theorem we get the existence of a unique 
global solution ■& : X — > C of ()3.3|) verifying the initial condition $(z ) = i? - Observing 
now that by ()3.3|) it holds $ g G K., we can finally infer the existence of a function 
h : X — > R, unique up to additive constants, satisfying /i z = 

□ 



Now we can establish the main theorem of this section. For technical reasons, we will 
assume that the set of singular points of the harmonic map G we start with has empty 
interior. The case in which G is singular on an open set will be discussed in Section 0] 

Theorem 11 Let G : X — > H 2 C L 3 be a harmonic map from an open simply connected 
Riemann surface into the hyperbolic plane admitting Weierstrass data {— Q,2t}. As- 
sume that the set of singular points of G has empty interior, choose zq G X a regular 
point of G, and $0 G C. 

Then, there is a unique (up to vertical translations) mean curvature one half surface 
^=(JV,/*):E^H 2 xRci 4 such that: 

(i) G is the hyperbolic Gauss map of ip. 

(ii) t = Xu 2 /2, where (dip, dip) = X\dz\ 2 and u is the angle function of ip. 
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(iii) dh(z ) = $ dz + $ dz. 



Moreover, such ip can be recovered in terms of G as 

f ARe(G z (2Qh z + rh 2 )) j T + 2\h I 2 \ 

Here h : £ — > R zs £/ie unique (up to additive constants) solution to the differential 
system ()3.2j) wift /i 2 (zo) = $o- 

Before coming to the proof of this result, let us make some brief comments regarding 
its hypothesis and its most basic consequences: 

1. By Theorem El the quantities {— Q, Aw 2 } are always Weierstrass data for the hy- 
perbolic Gauss map of a mean curvature one half surface in HI 2 x R. So, if the 
Weierstrass data of G in Theorem fTTI are unique (i.e. if Q vanishes at some point), 
the condition (ii) holds automatically on any surface with H = 1/2 having G as 
its hyperbolic Gauss map. 

2. As explained in Section 2, the Weierstrass data of a harmonic map into H 2 are 
defined up to the ambiguity t <-> 16|Qo| 2 /to, if Qo never vanishes. If this is the 
case, we obtain in Theorem fTTI two different surfaces with iJ = l/2inH 2 x]R 
having G as hyperbolic Gauss map and with dh(zo) = d^dz + d^dz (one for each 
choice of tq). A geometric interpretation of this duality will be carried out in 
Section HJ 

3. Equation (J3.4)) is at first defined only at the regular points of G. However, as by 
hypothesis the singular set of G has empty interior, we obtain by continuity that 
(|3.4|) must actually hold everywhere in S. 

4. It follows from Theorem^!! Theorem^JJand Proposition (that will be proved in 
Section 0} that a harmonic map from an open simply connected Riemann surface 
E into H 2 is the hyperbolic Gauss map of a surface with H = 1/2 in H 2 x R if and 
only if it admits Weierstrass data (see Definitional). 

5. It is directly deduced from Theorem ^JJ that the space of mean curvature one 
half surfaces with the same hyperbolic Gauss map G can be seen as a 3-parameter 
family, where two parameters are obtained by varying the initial condition $ G C, 
and the other one is the height H{zq). However, as the variation of this last 
parameter only produces a vertical translation on the surface, we will not take it 
into account. In other words, we will regard the space of surfaces with H = 1/2 
and the same hyperbolic Gauss map as a 2-parameter family. We will discuss later 
on when two surfaces of this 2-parameter family are actually congruent. 
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The remainder of this section is devoted to prove Theorem ^2 So, we fix the no- 
tations of this theorem and consider the function h : E — > R given in Lemma E3 with 
h z {za) — $o- Now define the following functions on E: 



Lemma 12 JTie functions u, A, /z verify the following identities on E: 

^ = (logA^^ + CQ-^K (3.6) 
An 

fr*s = (3.7) 

-1 2Q - 2h 2 z -u\ 2Q 

u z = —h z h = —-h z —h s , (3.8) 

2 A 2, A 

u 2 = 1-%!!. (3.9) 
A 

Proof. Formula ()3.9j) is a direct consequence of the definition of the functions u, h and 
A. Moreover, flUSJ) and flUU) follow from (Q and flUHJ). At last, (jS3) is obtained after 
differentiating u 2 in (|3.5|h and with the aid of ()3.2j) and ()3.9|) . 

□ 

This lemma shows that the functions u, h and A satisfy the integrability equations 
(C.l) to (C.4) for H = 1/2 and p := Q — h 2 . In this way, by our general discussion 
in Section El we infer that the system given by ()2.2j) is integrable (recall that Q is 
holomorphic) . Thus, (J2.2j) has a globally defined solution 

a = (ip z , fa, 77, N) : E -»• C 4 x C 4 x L 4 x L 4 , 

where ^ : E — ► L 4 . Moreover, ip is unique once we fix initial data a(z ) = a G 
C 4 x C 4 x L 4 x L 4 . 

Our aim now is to check that for an adequate initial condition cr , the map ?/> is 
actually a regular surface in H 2 x R, it has mean curvature one half, and its hyperbolic 
Gauss map coincides with G. First, we define 

£:=~(iV + 77). (3.10) 

u 

From (EH, (EH) and (Q we obtain 



it 2Q 1 / 4Q/i s 

G = 7T V'z - T" ^2 + o + 



2 ^ Aw 2 V An 
With this, we can fix initial conditions for a at z e E in the following way: 



(3.11) 



15 



Definition 13 (Initial data) We will denote by a = (ip z , ip z , rj, N) T the unique solu- 
tion of with the following initial conditions: 

£(zo) = (G(z ),l), Uz o ) = (G z (z o ),0), 

N 3 (z Q ) = 0, ( N ,£)( Zo ) = -J— i 

u(zo) 

Here z e £ is a regular point of G and N 3 denotes the last coordinate function of N. 

This definition guaranties that the vectors {£(zq) , £ z (zq) , £g(zo)} are linearly inde- 
pendent, as we have chosen z as a regular point of G. Thus the value of ip z (z ) and 
^2(^0) can be computed in terms of the frame {£(20), £2(^0), Cz( z o)} D Y means of (|3.11j) 
and its conjugate expression. Here, we have used that as G is regular at z , by (|2.9jl we 
have r 7^ 2\Q\ at z . So, the conditions in Definition ITBI determine completely the value 
of a(z ), using (ETlTII) and (ETTT1) . 

Lemma 14 Let <j:E^C 4 xC 4 x£ 4 x£ 4 be the map described in DefinitionlTR Then 
the following metric relations hold on zq: 

(ipz,ipz)\zo = 0, (ip z ^z}\zo = H z o)/2, 

(N,N)\ Z0 = -1, ( V ,r])\ Z0 = l, 

(N,i> z )\ zo = 0, ( v ^ z )\ zo = 0, 

(N, V )\ ZO = 0. 

Proof. We omit the point zq for the sake of simpleness. Start by noting that, by (|3.11j) . 

2 u\ 

and so (ip z ,0 = 0. In addition, the following relations follow from (|3.11j) . ()2.9j) and 
Definition [TBI 

u 

-Q=(G Z ,G Z ) = (^ Z ,Q = -^ Z ,Q 



2g 

Am 



16 



Hence, (ip z ,^ z ) — —Q/u and (ip z ,^ z ) = Am/4. This lets us write 

u 2 \u 

what gives (if) z ,il) z ) = and {ip zi ip z ) = A/2. 

Let us see now that (N, N)\ ZQ = -1. Indeed, write N(z ) = (n,0)6L 3 xR = L 4 . 
Since zq is a regular point for G we can write in L 3 

n = aG g + aGg + jG, a, 7 G M. (3.12) 

These numbers a and 7 can be computed from the conditions in Definitional to obtain 

2Qh z + rh z 

01 = 2 T 2_ 4 |Q|2 and 7 = V«- (3-13) 



Therefore 

(AT, AO = (n, n> = -a 2 Q - a 2 Q + ^ (r + ^) - 1 = -1. 

From this and Definition El we also get 

(N, V )\ ZO =0, (v,v)\z = l- 

Furthermore, 

V - — = (°^ N ) = i^ N ) = l^ N ) ~ 2 4(^N) + ^-9h, (3.14) 
It 2 uX 2 r 

from where (i[) z ,N) = 0. Finally, by (i/j z ,£,) = 0, this leads to (ip z ,v) = 0- 

□ 

Proof of Theorem^\ We will start proving existence, by showing that the map ip : £ — > 
L 4 obtained via (|2.2|) . (|3.5|) and Definition [TBI is a regular surface in H 2 x R with the 
desired conditions. 

First of all, we use a standard argument to ensure that the metric relations appearing 
in Lemma H*4l actually hold everywhere on S, and not just at zq. 

Let us introduce the notation a = (ip z ,ip z ,ri, N) T = (o"i, cr 2 , cr 3 , cr 4 ) T . From (|2.2j) we 
can deduce that the functions <& it j := (0$, <7j), 2, j = 1, . . . , 4, satisfy the following linear 
system of partial differential equations, 
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where Uij (resp. Vij) denotes the element of the matrix U (resp. V). 

On the other hand, it is direct to see that the functions 0^ = 4>j,i described by 

01,1 = 02,2 = 01,3 = 02,3 = 01,4 = 02,4 = 03,4 = 0, 
01,2 = A/2, 03 i3 = -04 i4 = 1 

also provide a solution to this system. Since both solutions coincide at z (Lemma EJ) 
they must coincide at any point of S. Particularly, ip is a regular spacelike immersion 
into L 4 . 

Now let us show that 

(if> z ) 3 = h x , N 3 = and m = u. (3.15) 

Let 7 := ((ip z ) 3 , (^2)3, Va, N 3 ) T . Then 

j z = and 75 = V7. 

This system also has (h z , h z , u, 0) as a solution, by (C.l) to (C.4). So, we only need to 
check that both solutions agree at z . By the conditions ^3(2:0) = and ^ 3 (zq) = 1 of 
Definition [TBI we obtain ^3(^0) = u(zq). In addition, since (£2)3(20) = 0, by examining 
the last coordinate of (|3.11|) we get (ip z ) 3 (zo) = h z (z ), as we wished to show. 
Let us check next that ip lies in M 2 x JR.. By (|2.2j) we know that 

/ 2\h \ 2 \ 2h 2 
N,= \l- ^ - -fi>- z - uh zV . 

On the other hand, (|3.15|) gives 

7 2|/g 2 2hl , 

h z = - ip z + —4>z + uh z 77, 

where here we are denoting h = (0, 0, 0, h). More specifically, this identity follows from 
()3.15|) . since the equations in (j3.15j) imply the relations (h z ,rj) = uh z , (h z ,N) = 0, 
(h z ,ip z ) = h\ and (h z ,ip z ) = \h z \ 2 . 

With this, ip z = N z + h z = (N z , h z ) and therefore, up to a translation, %p = (N, h). 
So, ip lies in H 2 x R, and by it has mean curvature one half, and its unit normal 
is rj. Moreover, by its own construction, it holds r = Xu 2 /2 and dh(z ) = $ dz + fiodz. 
It is also straightforward that ip has regular vertical projection. 

It remains to check that the hyperbolic Gauss map of ip is G. Let Q denote the 
hyperbolic Gauss map of ip, that is, £ = ({?, 1). From (|3.11|) we have 

{G z ,Gz} = —Q = (G Z ,G Z ) 

and 
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As by Definition ITBI we have Q{zq) = G(z ) and G z (z ) = G z (z ), and as z is a regular 
point of G, we conclude as in Lemma El that Q = G on E. This finishes the existence 
part. 

For uniqueness, suppose that ip : E — > H 2 x R, *0 = (JV, /i), is another mean curvature 
one half surface in the conditions of the theorem, and let A denote the conformal factor 
of its metric. Let rj denote its unit normal, with the last coordinate u > 0, and assume 
that dh(zo) = dh(z ). Then by r = \u 2 /2 and (C.l) to (C.4) for if>, a somewhat 
lengthy but otherwise direct computation shows that h z satisfies the differential system 
f)3.2p . Consequently h z = h z . 

Moreover, by hypothesis we have Xu 2 /2 — r — Xu 2 /2. But using (C.4) for if) it is 
easy to check that 



and so it also holds A = A. 

Thus the structure equations for if> and if) are the same, and their respective moving 
frames coincide at z . This implies that ^ = ^ up to vertical translations in H 2 x R. 

Finally, the expression (|3.4|) follows directly by repeating the computations described 
in (I3.12J1 and (j3.13|) at an arbitrary regular point z G E, and not just at z , and using 
that the set of regular points of G is dense by hypothesis. This ends up the proof. 



Let if> = (N, h) : E — > H 2 x R be a surface with constant mean curvature one 
half and regular vertical projection, and suppose that its hyperbolic Gauss map G is 
in the conditions of Theorem ^2 As a consequence of this theorem, up to vertical 
translations, if) is uniquely determined (once we fix Weierstrass data for G) by the value 
of the differential of its height function h at a fixed point z 6 E. Moreover, from (|3.14|) 
we infer that, at the regular points of G, we have 



This shows that if) = (N, h) is uniquely determined (up to vertical translations, and after 
prescribing G and Weierstrass data for G) also by the value of its vertical projection 
N(zq) at an arbitrary regular point z G E of G. 

Conversely, the quantity ip{zo) can be specified as initial condition for recovering a 
mean curvature one half surface in terms of its hyperbolic Gauss map. Indeed, we have 

Corollary 15 Let G : E — > H 2 be a harmonic map from an open simply connected Rie- 
mann surface into the hyperbolic plane admitting Weierstrass data {— Q,2t}. Assume 
that the set of singular points of G has empty interior, choose Zq G E a regular point of 
G, and ip eM 2 x R. 

Then, there is a unique mean curvature one half surface if) = (N, h) : E — > H 2 x R 
such that: 




□ 



2t(t(N,G z )+2Q(N,G z )) 
r 2 -A\Q\ 2 



(3.16) 
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(i) G is the hyperbolic Gauss map of if). 

(ii) r = Xu 2 /2, where (dip, dip) = X\dz\ 2 and u is the angle function of if). 

(iii) ip(z ) = ip . 

Proof. Let ipo = (N ,h ) G H 2 x R and consider, motivated by (|3.16|) . the complex 
number $0 G C given by 

2a T 2 (z ) +AT(z )a^Q(z ) . . 

^° " r 2 (z )-4\Q(z )\ 2 ' (3 - 17) 

where a = (N ,G z (z )) G C (recall that z is a regular point of G and therefore 
r 2 — A\Q\ 2 7^ at zq). It is obvious that from (j3.17|) we actually have that 

a = — . (3.18) 

I T 

Let ip = (N, h) : S -> H 2 x R be the mean curvature one half surface obtained from 
Theorem HU in terms of G, {-Q,2r} and t? , and with /i(z ) = fc . By and (l3~TH|) 
it is immediate to check that 

(N(z ),G z (z )) = ^-^ = a = (N ,G z (z )). 

But now, as z is a regular point of G, and we also know that N G H 2 , A^(^ ) G H 2 , we 
must necessarily have N(z ) = N . This completes the existence part. Uniqueness was 
already proved above. 

□ 



Remark 5: The above corollary has the following consequence: given an open simply 
connected Riemann surface E, the space of conformal immersions of S into H 2 xl with 
H = 1/2 and regular vertical projection can be parametrized in terms of the space of 
harmonic maps from E into the Poincare disk that admit Weierstrass data, up to a 
certain initial condition. 

Let G : E —>■ M 2 be a harmonic map in the conditions of Corollary and let 
{— Q, 2t} be Weierstrass data for G. Then, by Corollary [131 h follows that the class of 
simply connected mean curvature one half surfaces with G as hyperbolic Gauss map is 
a two-parameter family, where the parameters are given by the variation of the initial 
condition ip$ G H 2 x R (more specifically, of Nq G H 2 ). Then, a natural question arising 
here is whether all these surfaces are mutually non-congruent or not. This will depend 
on the symmetries of G, as we discuss next. 

Let if), ip : E — > H 2 x R be two surfaces with H = 1/2 and the same hyperbolic Gauss 
map G : E — > M 2 , and assume that they are congruent. Thus there is some positive 
rigid motion $ of H 2 x R and some automorphism T of the Riemann surface E such that 
$o^i = ^or. As both ip and if) are canonically oriented as surfaces with regular vertical 
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projection (i.e. their angle functions are positive), we find that the positive rigid motion 
$ must preserve the orientation of the vertical factor. So, $ = (\&, Id + c), where c6R 
and * : H 2 C L 3 — > H 2 C L 3 is an isometry of H 2 . Then we get that $oG = Gor. 
That is, \I/ is a symmetry of the hyperbolic Gauss map G. 

Conversely, let G : £ — > H 2 denote a regular harmonic map on an open simply 
connected Riemann surface £ admitting Weierstrass data {— Q,2t}, and let \1/ : H 2 — > 
H 2 be a symmetry of G. That is to say, $oG = GoT for some automorphism T of 
E. Let ^ : E -> H 2 x 1 be a mean curvature one half surface with hyperbolic Gauss 
map G constructed as in Theorem ITT1 (or as in Corollary ITo^l . It is then clear that 
tp := o^oTiS— >H 2 xRis the surface with H = 1/2 and hyperbolic Gauss map 
G constructed via Corollary [TBI from Q, r and ^ := ^~ 1 (i J (^( z o))) G H 2 x R. 

All of this draws the following conclusions: 

• Given a harmonic map G^j. £ ^> H 2 admitting Weierstrass data, if two initial 
conditions ipo — (No, ho),ipo = (-^0, ^o) G H 2 x R determine via Corollary [T3] con- 
gruent mean curvature one half surfaces, then G necessarily has some symmetry. 
Thus, in the generic case, the class of non-congruent simply connected surfaces 
with H = 1/2 sharing the hyperbolic Gauss map is a continuous two-parameter 
family. 

• If we fix ip = (No, ho) £ H 2 x 1 an arbitrary point, each symmetry of G provides 
a point ipo = (No, h ) etfxl such that {G, ipo} and {G, ^o} generate congruent 
surfaces with H = 1/2. In this sense, the larger is the symmetry group of G, the 
smaller is the class of non-congruent mean curvature one half surfaces with G as 
hyperbolic Gauss map. 

Remark 6: Theorem ^2 indicates clearly that the theory of surfaces with H — 1/2 in 
H 2 x R is an appropriate setting for applying integrable systems techniques. Indeed, one 
can associate to a harmonic map into H 2 the whole machinery of a spectral parameter, a 
zero- curvature representation, a Sym-Bobenko formula, and several Backlund-Darboux 
transformations. These transformations let us construct via Theorem ^2 new mean 
curvature one half surfaces in H 2 x 1 starting from a previously known example. Let us 
also observe that away from the zeros of the Abresch- Rosenberg differential, and up to 
a conformal reparametrization, by (|2.8j) the local geometry of a surface with H = 1/2 
in H 2 x R is modelled by the elliptic Sinh-Gordon equation: Aro = sinh(ro), where A is 
the Euclidean Laplacian. 

4 Applications 

We will describe in this section how the hyperbolic Gauss map we have introduced 
can be used to investigate global properties of mean curvature one half surfaces in H 2 x R, 
and especially, to construct complete examples of such surfaces. 
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Existence of complete examples 

As a surprisingly simple consequence of our discussion, we can conclude that there 
are no restrictions in prescribing the Abresch-Rosenberg differential for complete mean 
curvature one half surfaces in H 2 x R: 

Theorem 16 Any holomorphic quadratic differential on an open simply connected Rie- 
mann surface S is the Abresch-Rosenberg differential of some complete surface with 
= 1/2 m H 2 x M. Moreover, the space of non-congruent complete mean curvature 
one half surfaces in M 2 x R with the same Abresch-Rosenberg differential is generically 
infinite. 

Proof. Observe first of all that the right vertical cylinder over a horocycle in H 2 x I has 
parabolic conformal structure (as it is flat and complete), and vanishing Hopf differential. 
So, we only need to consider the case in which E = D, or £ = C and Q ^ 0. 

Given a holomorphic quadratic differential Qdz 2 as above, Wan and Au |Wan[ IWaAuj 
showed that there exists a unique surface / : £ — > L 3 with H = 1/2 whose Hopf 
differential is —Qdz 2 , and whose induced metric (df,df) = r \dz\ 2 is complete. Let 
v : £ — > H 2 U H 2 C L 3 denote the Gauss map of /, and consider the rigid motion P of 
L 3 given by P = Id if u(T,) C H 2 and P(xo, x x , x 2 ) = {—Xq,Xi,x 2 ) if i/(£) C H 2 . Here 
Ml = {{-x , x x ,x 2 ) E L 3 : (x , x x , x 2 ) E M 2 C L 3 }. Let G := P o v : E -> M 2 , and let 
ip : S — > H 2 x R denote any of the mean curvature one half surfaces constructed from 
G and tq via Theorem ^2 Recall here that in the generic case, the family of such mean 
curvature one half surfaces is 2-parametric by our discussion at the end of Section 01 By 
its construction, the Abresch-Rosenberg differential of ip is precisely Qdz 2 . In addition, 
we have (dip, dip) = X\dz\ 2 , where 

r = \u 2 < A. (4.1) 
Thus, by the completeness of / we can conclude the completeness of ip. 

□ 

Following the path suggested by this theorem, let us formulate the following Plateau 
problem at infinity: Let 7 : S 1 — > 8 1 be a continuous homeomorphism. Is there a 
complete mean curvature one half surface if) : B> — ► H 2 x R whose hyperbolic Gauss map 
G : D — ► D extends continuously to © and verifies G\$l =7 ? Here D is the unit disk 
and H 2 has been identified with the Poincare disk (D, ds 2 ). 

The following result follows immediately from (j4.1j) and jAkut ILiTal| ILiTa2j , where 
the Dirichlet problem at infinity for harmonic maps G : D — >• H 2 is solved. 

Theorem 17 If ^ : S 1 — » S 1 is a C 1,a -diffeomorphism, < a < 1, with deg(7) = 1, 
then the above Plateau problem at infinity for mean curvature one half surfaces has at 
least a solution, and generically an infinite number of them. 
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Apart from the previous ones, there are many results on the global construction of 
harmonic maps into the Poincare disk. By our discussion, all these existence results 
translate directly into global existence results for mean curvature one half surfaces in 
tf x R by means of Theorem ^2 It seems an interesting problem to analyze if the 
constructions of this paper and the results from the theory of harmonic maps can be 
applied to solve the Bernstein problem for mean curvature one half surfaces, i.e. to find 
all the entire vertical graphs with H = 1/2 in H 2 x R. 

Let us also mention the following important open problem in the theory of harmonic 
maps, due to Schoen |Sch| IScYaj : are there global harmonic diffeomorphisms from the 
complex plane onto the Poincare disk? This problem has been widely investigated by 
means of the related theory of spacelike CMC surfaces in L 3 . In this sense, building 
a geometric theory with an associated harmonic Gauss map into the Poincare disk is 
interesting, since it may help to achieve a solution to the above problem. Indeed, in our 
situation, this question can be formulated as follows: is there a mean curvature one half 
surface in H 2 x R with regular vertical projection and parabolic conformal structure, and 
whose hyperbolic Gauss map is a global diffeomorphism? 

Surfaces with singular hyperbolic Gauss map 

In Theorem HP we avoided the consideration of the case in which the harmonic map 
G is singular on an open set. The next result deals with this remaining case. 

Proposition 18 Let ^ : E -> H 2 x R be a mean curvature one half surface whose 
hyperbolic Gauss map G : E — > H 2 is singular on an open set o/E. Then G(E) lies on 
a geodesic ofM 2 , and ip is one of Sa Earp's standard hyperbolic screw motion examples. 

Proof. Let {—Q,2t} be Weierstrass data for G. By Lemma G parametrizes a piece 
of a geodesic in H 2 . 

Let us find the surface ip explicitly in these conditions. For that, we assume that 



where here z = s+it is a global conformal parameter for ■0. In particular, 2Q = r = 1/2, 
and thus Xu 2 = 2r = 1. In these conditions, the system (J3.2j) turns into 



G = G(t) = (cosh(t), sinh(t), 0) : R -> H 2 C L 3 , 




or equivalently 




This system can be explicitly integrated, to obtain 




(4.2) 
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for suitable constants y, s , cfR. Moreover, if we write 



x(s) = (V 1 + y 2 j cosh(s + s ), 

we get by (C.4), (JOJ) and Am 2 = 1 that 

u = l/x(s), \ = x(s) 2 . 

Finally, observe that the vertical projection N : S — > H 2 C L 3 of a mean curvature one 
half surface ip = (N, h) : X — ► H 2 x R verifies the conditions 

(N,G) = — , (N,G z )= 1 -(h z - 2 -^-), (N,N) = -1, 

U 2 \ T J 

where the second formula comes from (J3.14|) . Therefore we conclude that the vertical 
projection of ij) — (N, h) is given by 

{iV = x{s) cosh t + y sinh t, 
N\ = x{s) sinh t + y cosh t, 
N 2 = ±a/ x(s) 2 — y 2 — 1. 

As a result, the surface is invariant by hyperbolic screw motions, and has a simple 
explicit parametrization. This type of surfaces has been obtained in a totally different 
way by Sa Earp |SaEj . They are entire vertical graphs over the whole horizontal factor 
HI 2 of H 2 x R. In particular, they are complete, embedded and stable. 

□ 

Parallel surfaces 

Let ip = (N, h) : S — > H 2 x M. denote a surface with regular vertical projection, 
for which H = 1/2 holds with respect to its canonical orientation (given by u > 0, 
where u is its angle function). Let G : X — > H 2 denote its hyperbolic Gauss map, with 
Weierstrass data {— Q, r = Am 2 }. Here A is the conformal factor of the metric of ip, and 
Q is its Abresch-Rosenberg differential. 

Assume that Q never vanishes. Then, by our discussion just after Theorem ^2 we 
know that there exists another surface (actually a 2-parameter family of them in the 
generic case) ■*/>": S — > H 2 x R constructed via G and the Weierstrass data {— Q, r" = 
16|Q| 2 /to}. This surface has regular vertical projection, it has if = 1/2 with respect to 
its canonical orientation, and its hyperbolic Gauss map is G. 

It is then an interesting problem to establish if there is some explicit geometric 
relation between ip and ijr. This is actually the case. The following theorem proves that 
ip and ip* are parallel in a certain sense. This reproduces to some point the situation for 
parallel CMC 1/2 surfaces in L 3 with the same Gauss map that we exposed in Section 
2. 
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Theorem 19 Let tp : E -> H 2 x R be a mean curvature one half surface with hyperbolic 
Gauss map G : E — ► HI 2 , and assume that its Abresch-Rosenberg differential Q never 
vanishes. Ifu : £ — ► (0, +00) denotes its angle function, then 

^ = -^ + -(G,l) (=-V> + 4fa + iV) J (4-3) 



M \ W 2 



zs a regular surface in H 2 x R wrat/i regular vertical projection, for which H = 1/2 ZioZds 
for its canonical orientation. Moreover, its hyperbolic Gauss map is G, its angle function 
is u, and its conformal metric factor is 

In particular, this theorem tells that ijfi as in ()4.3|) is the mean curvature one half 
surface constructed according to Theorem E] by means of G and the Weierstrass data 
{— Q,t$ = 1 6 1 Q 1 2 / To } , with the initial condition (see the formula (j4.11j) below) 

(h*) z (zo) = ^ ho. 
Wo) 

Proof. Write ip = (N, /i):E^H 2 xl, and let £ : E -> N 3 be the map given by (ETTUJ) . 
where 77 : E — > S 3 is the unit normal of ip. Also recall that £ = (G, 1). The following 
metric relations will be used repeatedly in what follows: 

(£, = (&, = = 0, (G, iV) = (£, iV) = -1. (4.5) 

u 

Let us denote ^ = (N\ h 6 ), where by (jOj) 

jV» = _jV + -G, h} = -h + -. (4.6) 

By (1431) and the fact that G, A" take values in HI 2 , it follows directly that (JV*, A/"") = -1. 
Moreover, (G,N$) = —1/u < 0, what ensures that AT" takes its values in H 2 . So, ip^ is 
indeed a surface in H 2 x K, possibly with singular points. 
Now, observe that by (|4.3|) we have 

(^), = -^+f-) £ + (4-7) 

W 2 M 

Thus, using (EHJ) , (ETTTD . (1431) . (ET7I) and (ip z , tp z ) = we have 

((^M^)*) = -4&>&> - = \(-Q + Q) = 0. (4.8) 

u u u 

In other words, z is a conformal parameter for ijj^, i.e. the surfaces ip and f/>" have the 
same conformal structure. 
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Observe now that (O s ) 2 ,<0 = follows directly from g3D and (|T7jl . So, £ is a null 
vector in L 4 , whose last coordinate equals 1, and that is normal to ipK Therefore, if 
if : S — > Sf is the unit normal of "0" and it* is its last coordinate (i.e. the angle function 
of we must have 

£=i(7?« + £iV«), e = ±i. 

Consequently we get 

u* u* 

On the other hand, by ()4.6|) we see that 

(N\0 = (-N+-G,G) = ~. 

u u 

Thus i$ = eu. In particular, has regular vertical projection. So, if we endow with 
its canonical orientation, given by ur > 0, we have 

w" = w and £= — (W + jV 8 ). (4.9) 

In other words, G : E — > H 2 is the hyperbolic Gauss map of ifjK 

The conformal factor A" of t/>" is obtained directly from ()4.5|) . (|4.7jl and (|3.11j) . as 
follows: 



A* = 2((^) z ,(^),) = A--(^,6) + 4(^6) 



u ' m2 (4.10) 

. 8 \u 8 f\u 2 2\Q\ 2 \ _ 16\Q\ 2 
A — H — o — — h 



u 4 m 2 V 8 Am 2 / Am 4 

That is, (|4.4|) holds. Moreover, as Q never vanishes, if)$ is regular. 

Finally, we just need to check that ijfi has constant mean curvature if" = 1/2. For 
that, let us observe first of all that by (C.3) with H = 1/2 and (C.4), and using that 
Q = p + h 2 ., we have 

uj z 2 + \u 2 z - 
So, since by ()4.6|) it holds h* = —h + 2/u, we conclude that 

(h*), = ^- 2 h- z . (4.11) 
If we differentiate this expression, then by (C.l), (C.3), (C.4) and Q = p + h 2 we get 

(h'u = (4.i2) 



By (C.2), the mean curvature if* of ip^ is 



2(fe») z . 
AW 
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At last, using (|Ojl . (jOj) and (jHHj) we arrive at F tt = 1/2. This ends up the proof. 

□ 

Surfaces with conformal hyperbolic Gauss map 

We will construct next all the mean curvature one half surfaces in M 2 x R with regular 
vertical projection whose hyperbolic Gauss map is conformal. A way to do this relies 
on the fact that the system (J3.2)) can be explicitly integrated when Q = 0. However, 
we will instead use a shorter argument based on the parallel surfaces construction of 
the previous subsection. Let us anyway indicate that the CMC surfaces with Q = in 
H 2 x R and S> 2 x R were classified in jAbRolj . 

Let t/> = (N, ft) : S -> tf x 1 be a mean curvature one half surface with regular 
vertical projection. Assume, besides, that its hyperbolic Gauss map G : £ — > H 2 is 
conformal, i.e. (G z , G z ) = 0. Thus, the Abresch-Rosenberg differential Qdz 2 of ip 
vanishes identically. This indicates by (|4.4|) that its parallel surface i[r : £ — > H 2 x R 
given by ()4.3|) verifies (dV , d0 ) = 0- 111 other words, ^" is constant. It is also clear that 
this property characterizes the surfaces with H = 1/2 and conformal hyperbolic Gauss 
map. 

Write now i/jt = ( a , b) G H 2 x R. We plan to recover ip in terms of a and G. By (J4.3I) 
we obtain 

V> = -(o,6) + -(G,l). 

Thus, by applying if necessary a vertical translation to ■?/> we see that h = 2/u, and 
hence 

ijj = (N, h) = —(a, 0) + h(G, 1). (4.13) 
At last, as G G H 2 and a G H 2 , the condition (AT, N) = — 1 provides 

/i = -2(a,G). (4.14) 

Putting ()4.13|) and ()4.14j) together we obtain that ^ is expressed in terms of the confor- 
mal map G : £ — ► H 2 and a constant a G I 2 as 

^ = (- a , 0) - 2(a, G)(G, 1) : E -> H 2 x R c L 4 . (4.15) 

Conversely, if G : E — > H 2 is conformal and regular, and a G H 2 , then the map if) given 
by (j4.15j) is a mean curvature one half surface in H 2 x R with regular vertical projection, 
having G as its hyperbolic Gauss map. We omit the proof, as it is a direct computation 
using the ideas in the proof of Theorem 

A reflection principle 

We show next that mean curvature one half surfaces in H 2 x R admit a Schwarz 
reflection principle. It roughly states that a surface with H — l/2inEI 2 xR that meets 
orthogonally a totally geodesic vertical plane V of H 2 x R can be analytically extended 
by reflection across V surface with H = 1/2. 
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Let C C be a complex symmetric domain, i.e. Q = Q* := {z : z G Q}. Define 

n + = nn {im(z) > o}, n- = n n {im(z) < o}, and I = n n r. 

Let P denote a totally geodesic vertical plane of HI 2 x R, i.e. a right vertical cylinder 
over a geodesic of H 2 . Finally, define a as the isometric reflection in H 2 x R with respect 
to V. 

Then we have 

Theorem 20 Let if) : Vt + VJl c C ^ I 2 xR 6e a conformal C 2 immersion with H =1/2 
and regular vertical projection. Assume that ip maps I into V and meets V orthogonally, 
i.e. its unit normal 77 : Q + U I — > Sf is tangent to V along I. 
Then the map ip : Q C C ^ M 2 x ~R given by 



4){z) if zett + ul, 
o-(ip(z)) if z eQ~ 



is a conformal immersion with H = 1/2 which extends symmetrically across V . 

Proof. Up to a rigid motion, we can take V to be V = (H 2 xl)fl {x 2 = 0} C L 4 , and 
thus we have a(xo, X\, x 2 , £3) = (xo,xx,—X2,x$). Then, the hypothesis on ip indicates 
that the hyperbolic Gauss map 

G = {Go, G h G 2 ) : ^ + U / -> H 2 c L 3 

of i/j is continuous and verifies that G 2 (s, 0) = for all s G I. In the same way, we see 
that 

f( S ,0)=(o,0,^( S ,0),o) (4.16) 

for all 8 el. Now let f = (G , Gx, G 2 , 1). As G 2 (s, 0) = 0, the third coordinate of (jHHIj) 
at s G / provides 

<9G 2 2Q\ <9^ 2 



dt \2 \u J dt 

In particular Q(s, 0)gR for all s G I. Using this fact we infer that the imaginary part 
of the first two coordinates of (jH.llj) at s G I turn into 

«g. M) _a <^ M) = o. 

Therefore, we have seen that the harmonic map G : Q + U / — ► H 2 verifies that G(I) is 
a part of the geodesic 7 = H 2 fl {x 2 = 0} of H 2 , and the tangential component of the 
normal derivative (dG/dt)(s,0) vanishes. Hence, by the Schwarz reflection principle for 
harmonic maps (see |Wooj ) we conclude that G can be harmonically extended to Q by 
means of 

' G(z) if zett+ul, 
G{z) = < (4.17) 
G(z)* if zeQ-, 
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where here P* denotes the reflection of P 6 H 2 across 7 C H 2 . 

As a result, by Theorem ^2 we can extend the surface ip to a conformal immersion 
ip : Q —> H 2 x R with H — 1/2. Moreover, let \^ : L 3 —> L 3 be the symmetry in L 3 
that extends the isometric reflection in H 2 across 7. Then ty(G(z)) = G(z), and so 
a(ijj(z)) = i/j(z), where a = Id) is the symmetry of H 2 x R with respect to V. This 
completes the proof. 

□ 




Minimal surfaces in the Heisenberg group 

In |Danj the classical Lawson correspondence between CMC surfaces in space forms 
was extended to CMC surfaces in other 3-dimensional homogeneous spaces. This gener- 
alized Lawson correspondence shows, in particular, the existence of a bijective isometric 
correspondence between simply connected surfaces with if = l/2inIHI 2 xR and simply 
connected minimal surfaces in the 3-dimensional Heisenberg group MI3. 

In this final part of the section we exploit this fact in order to obtain an existence 
result for complete simply connected minimal surfaces in Nil 3 . First we will explain 
briefly this correspondence. 

The space Nil 3 can be regarded as the Lie group 

|xix 2 + x 3 N 

Nilg = { I 1 x 2 I : (xi,x 2 ,x 3 ) e 

endowed with the left invariant metric 

dsl = dx\ + dx\ + ( -(x 2 dxi — xidx 2 ) + dx% 

We denote by x — 9 X3 the Killing vector field corresponding to the vertical translations 
in N1I3. 

Let ip — (N, h) : S — > H 2 x R be a mean curvature one half immersion from an open 
simply connected Riemann surface E, with first fundamental form ds 2 = X\dz\ 2 and Hopf 
differential pdz 2 . Let xo be the Killing field corresponding to the vertical translations 
in H 2 x R, and denote by 7] = (N, u) the unit normal of ip. It easy to check that 

2 

Xo = j(h 2 ip z + h z ip 2 ) + ur). 

Then, by the generalized Lawson correspondence in |Danj , there exists a (unique up 
to rigid motions) conformal minimal immersion ip : S — ► N1I3 with first fundamental 
form ds 2 = X\dz\ 2 , with Hopf differential pdz 2 = ipdz 2 and satisfying 

2i. - 
X = -r{hz^z + h z ij 2 ) + ur), 
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where here rj is the unit normal of ip. Such a pair of immersions (ip,ip) are called sister 
surfaces |Danj . 

Recently, Abresch |AbRo2j (see also [Bel al IFeMij ) has announced the existence of 
a holomorphic quadratic differential for CMC surfaces in the Heisenberg group N1I3. 
Using the above notation, and in the case of minimal surfaces, this differential can be 
written as 

Q = ipdz 2 + {x,ip z ) 2 dz 2 . 

Thus, the relation between this differential and the Abresch-Rosenberg differential 
Q for its sister surface of H = 1/2 in H 2 x M is given by Q = —Q. Keeping this in mind 
we obtain the following corollary to Theorem 1161 

Corollary 21 Any holomorphic quadratic differential on an open simply connected Rie- 
mann surface E is the Abresch differential of some complete minimal surface in Nil 3 . 
Furthermore, the space of congruency classes of complete minimal surfaces in Nil 3 with 
the same Abresch differential is generically infinite. 



5 Complete minimal graphs in M 2 x R 

Let ip = (N, h) : E -> H 2 x M be an orientable minimal surface, and consider E 
as a Riemann surface with the conformal structure given by its metric. By (C.2) we 
see that the height function h is harmonic, and thereby uj := h z dz is a globally defined 
holomorphic 1-form on E, where z denotes an arbitrary complex coordinate on E. We 
call uj the canonical 1-form of the minimal surface ip. 

Consider also the unit normal r] : E — ► §^ C L 4 of ip. We will define as usual the angle 
function u : E — > [—1, 1] as the last coordinate of rj, i.e. u = (rj, e) where e = (0, 0, 0, 1). 
Observe that u and u are closely related by (C.4). 

If we write {dip, dip) = \\dz\ 2 for a positive smooth function A on S, then the metric 
of the vertical projection N of ip is 

(dN,dN) = -h\dz 2 + y\dz\ 2 - h\dz 2 , /1 = A - 2\h z \ 2 . (5.1) 

In particular, N : S — > H 2 is harmonic. Observe also that dN 7^ at every point, since 
A is positive. 

Conversely, if N : S — > M 2 is a harmonic map with dN 7^ everywhere, and whose 
Hopf differential is of the form Q$dz 2 = —uj 2 for some holomorphic 1-form uj on E, then 

ip := ^N, 2 Re J uj^J : E -> H 2 x R (5.2) 

is a conformal minimal surface, provided that the above integral has no real periods. 
With this, we have: 

Theorem 22 Let A denote the space of complete orientable minimal surfaces inffxR 
whose angle function omits some value in (—1, 1). Then: 
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(i) The elements of A are exactly the complete minimal vertical graphs, and the right 
vertical cylinders over some geodesic ofM 2 . 

(ii) All the elements of A are simply connected. 

(iii) Two elements ipi,ip2 £ A are congruent if and only if their respective canonical 
1- forms oux, u>2 verify uj\ = ±a>2 - 

(iv) Every holomorphic 1-form on 3, and every non-zero holomorphic 1-form on C, 
can be realized as the canonical 1-form of some element of A. 

Proof. Observe first of all that every complete minimal vertical graph in H 2 x R lies 
in A, since its angle function u does not change sign. Also note that the right vertical 
cylinders over geodesies of H 2 have vanishing angle function, and thus are also in A. 
Let 1/) : S -> H 2 x 1 be an element of A, and consider the function 

a := A(l + w) 2 : £ -> [0,+oo). 

By the hypothesis on the angle function it, and composing if necessary with an inverse 
rigid motion in H 2 x R, we may assume that u > c > — 1 for some c G (—1, 1]. Thus a 
is positive, and we have 

(1 + c) 2 A < a < 4A. (5.3) 

Hence, the completeness of the metric a\dz\ 2 is equivalent to the completeness of the 
surface ip- 

Moreover, using (C.l) to (C.4) and Codazzi in (|2.5j) with H = 0, we see that 

u Z z u z u 2 u\h z \ 2 2\p\ 2 u \p\ 2 {l — u 2 ) 
[\og[l + u)) z - z = — - (i + ^ 2 = T -_- a(1 + m) - a(1+m)2 

\u{l-u) _ \p\ 2 

Also observe that the Gauss equation in (J2.5j) for H = together with (C.4) imply 

/, ^^ 2|p| 2 \u 2 

Therefore, 

\u 

(\oga) zz = —. 

With this, and by (C.4) we have 

a 2\h-,\ 4 ( \u\ 



(log a) 



a V 2 / 



- 



In this way, if we denote by £ the universal cover of S, and 7r : S — >• S is the corre- 
sponding covering map, it follows that a o n is a solution to (|2.8jl . the Gauss equation 
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for H = 1/2 surfaces in L 3 . So, there exists a unique (up to rigid motions in L 3 ) space- 
like surface / : E — > L 3 with i7 = 1/2, whose metric is (df,df) — (a o n)\d(\ 2 (hence, 
complete), and whose Hopf differential is Qod( 2 := — (ti*u)) 2 . Here £ = z o 7r is a con- 
formal parameter on E and 7r*u; denotes the pullback of the 1-form uj by the covering 
7T. Furthermore, let 1/ : E — > M 2 U H 2 C L 3 denote the Gauss map of /, and let P be 
the rigid motion of L 3 so that P = Id if f(E) G H 2 and P(xq, Xi, x 2 ) = {— Xq, Xi, X2) if 
G HP. Here H 2 = {(-z , Zi, z 2 ) e L 3 : (x ,x 1 ,x 2 ) G H 2 C L 3 }. Then, if we define 
2 = P o 1/ : E -> H 2 , by (jUJ) and (jSHJ we have 

(^C^C> = Qo = ((iVo7r) c ,(iVo7r) f > 

and 

. . (J07T 2|<5o| 2 /A(l+M 2 )\ U ,,. T , . . 

(90 9c) = — + = ( 4 j o7r = ^o7r=((iVo 7r) c , (JV o 7r) f ). 

So, there exists an isometry $ of H 2 so that Q o g = N o n, i.e. ^ o v = N o 7r where 
Recall now (see |ChYat IChTrt IWanj ) that, by the completeness of /, the Gauss map 



v : E — ► H 2 is a global diffeomorphism from E onto ^(E), except if the surface is a 
hyperbolic cylinder in L 3 , in which case v is a piece of a geodesic of Hf 2 . In the first 
situation, by \l/ o v = N o tc, we necessarily conclude that %p is a vertical graph in Hf 2 x R, 
and that tc is one-to-one, that is, E is simply connected. In the second one, again by 
^>oi/ = NoTT J ip must be a right vertical cylinder over a geodesic of HI 2 . This proves 
(i) and (ii). These results let us assume in the remaining part of the proof that E = E 
and 7r = Id. 

To prove (iii), recall first that by Wanj and |WaAuj . a complete H = 1/2 surface in 
L 3 is uniquely determined by its Hopf differential. So, using ^ o v = N, we get that two 
elements of A are congruent if and only if they produce following the above process two 
congruent complete H = 1/2 surfaces in L 3 . Recalling finally that the canonical 1-form 
D of ij) and the Hopf differential Qo of / are related by Qo = —uj 2 , we obtain (iii). 

Finally, to prove the existence part (iv), let us start with a holomorphic 1-form u 
on E = C or D, in the conditions of the theorem. By |Wanj and |WaAuj there is a 
unique (up to rigid motions) complete spacelike H = 1/2 surface / : E — >• L 3 whose 
Hopf differential is Qo := — u 2 . 

Let v : E — > HI 2 U HI 2 and To denote, respectively, the Gauss map and the conformal 
factor of the metric of /. Define now iV = Pov : E — >• Hf 2 , where P is the rigid motion of 
L 3 defined as above. Then we can construct a minimal surface ip = (N, h) : E — > H 2 x M 
by means of the representation formula (|5.2j) . By its construction, ip is a vertical graph, 
or a right vertical cylinder over a geodesic of HI 2 , and its canonical 1-form is uj. Now, 
putting together (|5.1|) and (j2.9J) we infer that 

,, ,9 r 41/U 4 ., l9 (r + 41/U 2 ) 2 r 
4 r ~ 4r 4 

Hence 1/; is regular and complete, and so ip G A. This ends up the proof. 

□ 
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The classification of the complete minimal vertical graphs in H 2 x R follows readily 
from Theorem l2~2l 

Corollary 23 Consider the following spaces: 

Q = {congruency classes of complete minimal vertical graphs in M 2 x R}. 

= {holomorphic 1-forms on C which are not of the type uj = cdz, cGC, 
and holomorphic 1-forms on D}. 

Let finally G/Z 2 denote the quotient of® obtained by identifying elements of® differing 
only by a ± sign. 

Then the map assigning to each element g G Q the class in 0/Z 2 of the canonical 1- 
form of some representant ip : £ — > H 2 xR of g is a well defined bijective correspondence 
between Q and 0/Z 2 . 

Proof. Observe first of all that the conformal structure is invariant by rigid motions, and 
that by Theorem 1221 ah complete minimal vertical graphs in H 2 x R are conformally 
equivalent to C or D. 

Also, the canonical 1-form of any complete minimal vertical graph in H 2 x R lies in 
O. Indeed, by Theorem 1221 an element of A fails to be a vertical graph if and only if it 
is a right vertical cylinder over a geodesic, if and only if its associated complete H = 1/2 
surface in L 3 is a hyperbolic cylinder, if and only if its conformal structure is parabolic 
(hence £ = C), and Qo = adz 2 for some a G C \ {0} (this is by the completeness of the 
H = 1/2 associated surface), if and only if £ = C and uj = cdz for some c G C \ {0}. 

With this, by part (iii) in Theorem 1221 the correspondence described by the present 
theorem is well defined, and it also follows directly from Theorem l2~2l that it is a bijection. 

□ 

The previous results let us also draw the following conclusion: a harmonic map from 
an open Riemann surface £ into H 2 is the vertical projection of a complete minimal 
vertical graph in H 2 x R if and only if: (1) its Hopf differential is of the form Qdz 2 = —uj 2 
for some holomorphic 1-form uj on £ ; and (2) it is the Gauss map of a complete spacelike 
CMC surface in L 3 different from a hyperbolic cylinder. 

Therefore, several theorems regarding the Gauss map image of complete CMC sur- 
faces in L 3 can be translated into our context. For example, by the results in |Aiy[ [CSZ, 
LXin| IXiYej we have: 

Corollary 24 Let M 2 C H 2 x R be a complete minimal vertical graph over a domain 
ttcU 2 . Then 

1. Q cannot be bounded. 

2. Q cannot lie inside a tubular neighborhood of a geodesic in H 2 . 
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3. Vt cannot lie inside a horoball. 



Furthermore, using [H TTWj we obtain the following consequence: 

Corollary 25 Let M 2 C H 2 x K denote a complete minimal vertical graph over a 
domain Q C HI 2 , and suppose that M 2 has parabolic conformal type. Then Q is an ideal 
geodesic polygon with n vertices in H 2 if and only if n is even and the canonical 1-form 
of M 2 is to = p(z)dz, where p(z) is a polynomial of degree n/2. 
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